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Framework

» d > 1 integer.
> Set of actions for the player: [d] :={1,...,d}.
> Atstaget=1,..., T,
> Player chooses action i € {1,...,d}.
» Nature reveals gain vector g: € [0, 1]9.
> Player gets gt(i‘).
» player chooses x; € Ay, draws iy ~ X;.
> A strategy/algorithm o = (0+)1<e<T

Xt = Ut(Xl, 11,815+, Xt—1, It—17gt—1)-

.
Maximize: th('t)
=1



The Regret

Rr{o,(gt):} = Rr :=E maxz Z (it)

i€[d]

A strategy o guarantees B(d, T) if:

V(gt)e, Rr{o,(g)e} <B(d, T).

> Introduced: Hannan (1957)

» Surveys: Cesa-Bianchi-Lugosi (2006), Rakhlin—Tewari (2008),
Shalev-Shwartz (2011), Hazan (2012), Bubeck—Cesa-Bianchi
(2012),...



The Minimax Regret

v

T: number of stages

d: number of actions

v

min ma)x Rt {o,(gt):} isof order /T logd

7 (&)

v

Upper bound: Cesa-Bianchi (1997)

Lower bound: Cesa-Bianchi, Freund, Haussler, Helmbold, Schapire,
Warmuth (1997)

v



Mirror Descent Strategies

> Dg={xeRe|TL X0 =1},
» h-RY —>RU {+o0} strictly convex, Isc, dom h = Ay
> Jp := maxh — min h.
Ay Ay
» 1 > 0 a parameter.

t—1
xe=Vh* <n2gs>
s=1

Theorem (Shalev-Shwartz (2007), Bubeck (2011), etc.)
If

» h is K-strongly-convex wrt || - ||

> ||g|l, < M for all possible gain vector g

On T M?
RT<*+7I ~3 T5h/KM
7 K n=/3r7(TMVP)




The Exponential Weight Algorithm achieves /T log d
Rr < /Ton/K-M

h(x) {Z:-jzl xDlog x()if x € .Ad
+00 otherwise

Exponential Weights Algorithm

exp (77 pIp gf))
Siew (1505 8Y)

0 =

> 0p =logd.
» his l-strongly convex wrt || - H1
»ge0,1]Y = gl <L

Rr < /T logd.



Lower bound: a probabilistic argument

minmax Ry {o,(g:):} =2 /Tlogd?

o (gt)e

Fix a strategy 0. Let (&) be i.id & = 0 or 1 (with prob. (3,1)).

max Z g( 0 Z g("

r(ga)x Rt {00, (gt)e} = Rr {00, (&t):} =

&

min max Ry {oo,(gt):} = E

o (gtt —1 5
1 < 1
VT -E il () _ =
VT E | max T;<gt 2)]
X ~ N(0,11y) ~VT-E [maxx(’)}



Gains and Losses are Equivalent

» Nature chooses loss vectors /; € [0, 1]¢
T T

ng”) min E

=1 Ie[d]

SR

> gt S [0, 1]d — 8t € [07 1]d

T

]
(i) (ie) _ g(’t g()
rzf:]Zg Zg =260



A Sparsity Assumption

Let s > 1 be an integer.

Assumption
All gain (resp. loss) vectors are s-sparse, i.e. have at most s nonzero
components.
Example
d=3ands=1.
0 % 0
1
g =10 &=10 &= |3
1 0 0
1 1
bh=[1]l-g=|[1 ~+ not 1-sparse



Minimax Regret for s-sparse Gains 7

s actions < d actions < d actions
(sparsity S)/ casier \SP2rsity S/ casier \NO Sparsity

v/ Tlogs < minimax regret < +/ T logd.
v/ Tlogs



Upper bound for s-sparse Gains

{h is K-strongly convex wrt || - || e Ry </To/K-M
T h :

Vg, llgll.<M

. T
> h,,(x) =3xI5  (ifx € Ag) Rr < . 151/q.
> 6h
> hpis (p 1)-strongly convex wrt | - || , p=1+ ﬁ
ogs —
>

d 1/q
q
lell, —<Z’ ' > < st/ Rr < /Tlogs
i=1



Minimax Regret for s-sparse Losses ?

Theorem (Littlestone-Warmuth (1994))
The Exponential Weights Algorithm against losses ¢, € [0,1]¢
guarantees:

-

log d
+ 7 - min
n ield] =

g<)

Rr =

T d d T
T2 > 6= t>d ,“g['c’,‘]zf

log d sT log d
R < — = T
T X T Sy




Matching Lower Bound for s-sparse Losses
Define random i.i.d. s-sparse loss vectors (/;); as follows. For each t > 1
» Draw uniformy a subset /; of {1,...,d} of cardinality s.
> Set

Z(i)— Qorl ifiel
"o ifidl

B8] = 5 o Va0 = 5 (1- )

VT-E [52?;](\% ET: (Z(ti’) - Zﬁ”’)] ~VT-E [miaxX(")} (X ~N(0,Y))




The Bandit Setting

For stagest=1,..., T,
» Player chooses action iy € [d].

» Nature only reveals gt(if).

» Player gets gain gt(it).

Theorem
Minimax Regret is of order \/ Td

» Upper bound: Audibert and Bubeck (2009)
» Lower bound: Auer, Cesa-Bianchi, Freund and Schapire (2002)



Upper and Lower Bounds

Without sparsity: v Td

Gains Losses
Upper bound | VTd | |/ Tslog ¢
Lower bound | v/ Ts v Ts




> If the Player knows gain vectors are s-sparse, he can choose the

right strategy to achieve v/ T logs.
» What if is s is unknown ? Can he still take advantage of sparsity?

» The Player knows vectors are 1000-sparse. But if they actually turn
out to be 10-sparse, ... ?

YES

Theorem (K. & Perchet (2015))

There exists a strategy which guarantees a / T log s* regret bound,
where s* = max_||g:||,-
1<t<T

> You don't know the sparsity level of the gain vectors.
» Just play the aforementionned strategy.
» If the gain vectors turn out to be s-sparse, then you will achieve:

Rr </ Tlogs.

Analog result for losses



